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Abstract. Energy development of decaying isotropic turbulence in a 3-D periodic cube with non-rotating or 
rotating frames of reference is studied through direct numerical simulation using GPU accelerated lattice 
Boltzmann method. The initial turbulence is isotropic, generated in spectral space with prescribed energy spectrum 
E(κ)~κm in a range between κmin and κmax. The Taylor microscale Reynolds number Reλ and Rossby number Ro are 
introduced to characterize the inertial, viscous, and rotational attributes of the system. The focus of this study is on 
the scalings of early inverse energy transfer and late energy decay in the development of turbulent energy under 
various conditions through combinations of m, κmin, κmax, Reλ and Ro. First, we demonstrate the validity of the 
simulation by confirming the quantitative dependence of the decay exponent n on the initial energy spectrum 
exponent m, at Reλ =255 and Ro=∞, varying the values of m, κmin and κmax. Second, at relatively low Reλ, the decay 
exponent for different initial spectra statistically fall in respective ranges, all of which agree well with the 
corresponding analytical predictions. Third, we quantitatively investigate the 3-D inverse energy transfer. Our 
findings include (i) the exponent of inverse energy transfer spectrum E(κ)~κσ depends on the initial spectrum 
exponent E(κ) ~ κm: if m<4, σ=m while if m≥4, σ=4; (ii) rotation alters the inverse energy transfer rate when 
Reλ≤255 and Ro≥0.8; (iii) the energy increase in large scale during inverse energy transfer exhibits a bell shape, the 
peak of which varies with Reλ and Ro. 
Keywords: Inverse energy transfer; Decaying isotropic turbulence; Rotational turbulence; Lattice Boltzmann method; GPU 
parallel computation 
1. Introduction 
Owing to the highly nonlinear interactions among a wide range of motion scales in space and time, turbulent flow remains 
unresolved even for canonical cases such as isotropic turbulence in a periodic box. Since the seminal studies of Birkhoff, 
Batchelor and Saffman [1-4], decaying isotropic turbulence (DIT) has been the subject of many experimental and numerical 
studies. There exist two canonical cases in wave space κ(κx,κy,κz; κ=|κ|) in terms of energy spectrum in low wave number: 
E(κ→0)∼Lκ2 and E(κ→0)∼Iκ4, in which L=∫<u(x)⋅u(x+r)>dr and I=−∫r2<u(x)⋅u(x+r)>dr are Birkhoff [2] and Loitsyansky 
[5] integrals respectively. Whether turbulence is of Batchelor (E∼κ4) or Saffman (E∼κ2) type depends on the initial condition: 
for a turbulence is initially scaled with κm, it stays with κ2 if m=2 while stays with κ4 if m≥4 [6]. The relevant flow invariant, 
asymptotic decay exponent and the low wave-number scaling are strongly affected by the initial spectrum and Reynolds 
number.  
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Isotropic turbulence is typically characterized by the Taylor-microscale Reynolds number defined as 
 5Re 2
3
rmsu k

 
     (1) 
where λ(=( 15νurms2/ε)) is the transverse Taylor-microscale length, urms(= 2k/3) is the root mean square (rms) of the velocity 
field u, k(=∫E(κ)dκ) is the kinetic energy, ϵ(=∫2νκ2E(κ)dκ) is the dissipation rate of the kinetic energy, and ν is the kinematic 
viscosity of the fluid. The energy spectrum E(κ, t) in DIT evolves as ∂tE(κ,t)= −T(κ,t)−2νκ2E(κ, t) where T(κ,t) represents the 
nonlinear energy transfer between Fourier modes (cf. Eq. (6.162) in  [7]). It has been long observed that, after a short initial 
transient period, the kinetic energy k exhibits power-law decays as k(t)/k0∼(t/t0)-n where k0 is the value of k at a reference time t0 
(cf. Eq. (5.274) in [7]). We use t' to denote t/t0 in Section 3 below for results and discussion. The value of decay exponent n 
depends on the value of initial energy spectrum exponent m when initial Reλ is sufficiently high. In specific, the relationship 
between n and m can be theoretically derived from a transformation of dynamical variables based on invariance of a physical 
state and dimensional analysis, n=4/3 for m=3 [8], and n=10/7 when m=4 [9]. 
When the system is subject to a rotating frame of reference with an angular velocity Ω, Coriolis force, which is linear in the
 velocity, modifies the nonlinear dynamics of the turbulent flow. The flow evolves with a SLOW scale τL∼L/U associated with 
eddies at a characteristic scale L(U is a characteristic velocity) and a FAST scale τΩ∼1/|Ω|∼τLRo associated with the rotation.  
The dimensionless Rossby number Ro is defined as 
  
2
rmsuRo
L

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Where L=2π∑κκ-1E(κ)/∑κE(κ) is the integral length of the turbulence. The Ro number, which decreases when rotation 
increases, measures the influence of rotation on the nonlinear dynamics of turbulence. Thus the dynamics of DIT becomes 
significantly richer. 
It has been reported that turbulent energy decay rate of κ4 is reduced from -10/7 (without rotation) to -7/5 (with strong 
enough rotation) [9]. In the presence of rotation, energy decay is slowed down due to the energy transfer towards two-
dimensional (2-D) slow modes [10,11]. The development of anisotropy and reduction of the energy transfer have been verified 
in numerical simulations [12-16] and experiments [17,18]. Recently, Teitelbaum and Mininni [9] systematically studied the 
decay of turbulence in rotating flow focusing on various effects, such as the initial energy spectrum exponent, helicity, Ro 
number, and Re number. 
Energy cascade transfers energy continuously from larger scale motions to smaller scale motions until sufficiently small 
length scales with which viscous forces dissipate energy into heat. This is a basic phenomenology of turbulence proposed by 
Richardson [19]. Whereas inverse energy transfer from smaller scales to larger scales has been observed in two-dimensional 
(2-D) turbulence [20-23] but rarely observed in three-dimensional (3-D) turbulence unless there exists strong anisotropy [24-28] 
or rotation [29-31]. Recently, it has been demonstrated [32] that all 3-D flows in nature possess a subset of nonlinear evolution 
leading to a reverse energy transfer. 
The present study is a part of our continuous efforts to investigate the underlying physics of DIT with and without rotation 
using lattice Boltzmann method (LBM) [33,34]. We have previously developed the LBM for direct numerical simulation 
(DNS) and large eddy simulation (LES) for DIT [35,36]. Recently we implemented GPU acceleration of the LBM for the DNS 
of DIT and demonstrated the computational efficiency and physical validity [37]. The computation is significantly accelerated; 
achieving over 300 times speed up than the serial code. Using the developed GPU-LBM, we are now able to systematically 
study the energy development of DIT. The initial isotropic turbulence is generated in Fourier spectral space with prescribed 
energy spectrum E(κ)∼κm in a range between κmin and κmax. The Taylor microscale Reynolds number Reλ and Rossby number 
Ro are introduced to characterize the inertial, viscous, and rotational attributes of the system. The focus of this study is on the 
scalings of early inverse energy transfer during the early transient stage and late asymptotic energy decay in the development 
of turbulent energy under various conditions through the combination among m, κmin, κmax, Reλ, and Ro. 
The remainder of the paper is organized as follows. In Section 2, we briefly introduce the numerical tool, i.e. LBM, and 
initial and boundary conditions. Physical results are presented in Section 3. Finally, Section 4 provides a summary discussion 
and concludes the paper. 
2. Lattice Boltzmann Method and Computational Set-up 
The LBM has been developed as a reliable alternative to solve fluid dynamics especially for complex flow [38,39] in the 
last two decades. One of the most important advantages of the LBM is that its implementable data structure ideally fits the 
GPU (Graphic Processing Unit) architecture, leading to a dramatic acceleration of computation through GPU parallel 
computing [37,40]. This feature greatly promotes the capability of LBM to solve complex flow such as turbulence, which is 
expensive in both computation and memory.  
The lattice Boltzmann equation reads 
 1( , ) ( , ) [ ]eqf t t t f t f f F      
     αx e x   (3) 
Where fα is the single-partial distribution with discrete molecular velocity eα and τ is the relaxation time caused by molecular 
collision. In this work, we employ the 3D 19-velocity (D3Q19) model due to its reliability and efficiency of computation [41], 
thus α=0,1,⋯,18. The corresponding discrete velocity sets eα are (0,0) for α=0; (±1,0,0)c, (0,±1,0)c, (0,0,±1)c for α=1∼6; and 
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(±1,±1,0)c, (0,±1,±1)c, (±1,0,±1)c for α=7∼18. The parameter c is the lattice velocity defined as c=δx/δt with δx the lattice 
length and δt the time step. In practice, c, δx, and δt are usually set to 1. The equilibrium distribution function fαeq is formulated 
[42] as 
 
2 2
0 2 4 2
3 9( ) 3{ [ ]}
2 2
eqf
c c c 
       α αe u e u u   (4) 
where ωα is the weight coefficient, in D3Q19, ω0=1/3, ω1−6 =1/18, ω7−18=1/36. The density ρ= ρ0+δρ with ρ0 the mean density 
in the system and δρ the fluctuation of density. The force term Fα is the discrete format [43] of the Coriolis force (per mass) a 
as: 
 0 23F tc 
    αe a   (5) 
Through the Chapman-Enskog expansion [44], it has been proved that the lattice Boltzmann evolution equation (Eq. 
3) recovers Naiver-Stokes equations in incompressible limit [42]. 
 0  u   (6) 
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t
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where p is the pressure which presents as p=cs2ρ/ρ0 with cs the sound speed of the model which is equal to c/ 3. It is noted that 
the kinematic viscosity υ is the viscosity associated with the relaxation time τ as υ= cs2(τ-1/2). 
The simulations are conducted in a 3-D periodic cube. In the case of rotation, we introduce Coriolis force a as the external 
force in Eq. (3). The Coriolis force is characterized by a=−2Ω× u, where Ω=Ωzk is the angular velocity of the rotation. This 
force is discretized through Eq. (5). The initial incompressible isotropic velocity field u(x,0), which satisfies ∇⋅u(x,0) = 0 is 
generated in spectral space κ with the following energy spectrum in a prescribed range κmin≤κ≤κmax and a random phase (cf. 
details in [45]): 
 
20.14
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in which m is an adjustable integer characterizing the spectrum exponent and α is a parameter to adjust the magnitude of the 
velocity field. It is noted that m=2 and m=4 correspond to Birkhoff and Loitsyansky cases mentioned in Section 1. 
3. Results and Discussion 
The GPU-LBM simulation is carried out on two local workstations: one is with 2 CPUs (Intel Xeon E5645/64 GB 
memory/2.40 GHz/Quad-Core) and a Tesla M2090 6GB memory GPU card with ECC enabled by default and another with 12 
CPUs (Intel E5660/49 GB memory/2.80GHZ/double-Core) and 4 Tesla C2075 6GB memory GPU cards. The flow domain is a 
periodic cube with resolution of 2563 subject to a rotation in z-direction. We study a variety of cases using 8 values of Reλ from 
75 to 255, 4 values of m from 3 to 6, and 2 κ ranges of 1≤ κ ≤8 and 8≤ κ ≤16 of the initial turbulence. For rotation, we have 3 
values of Ro, 0.8, 3, and ∞, for the reference rotation. Quantitative effects of Reλ, m, and Ro under the two κ ranges on the 
development of DIT are present below in two aspects.    
3.1. Scaling of asymptotic kinetic energy decay 
We first present the dependence of decay exponent n on the initial energy spectrum exponent m with no rotation (Ωz=0 or 
Ro=∞). The energy decay of k/k0 at m=3, 4 are shown in Fig. 1(a), (b) respectively, each of which has two κ ranges, 1≤ κ ≤8 
with Reλ=255 (solid line) and 8≤ κ ≤16 with Reλ=128(dashed line). The corresponding decay exponents (scaled by a dash-dot 
line in each plot) for the two cases are (a) 4/3, (b) 10/7 respectively. These decay exponents are in good agreement with the 
corresponding ones predicted [8,9], demonstrating the validity of the LBM simulation. 
 
Fig. 1. Dependence of decay exponent n of kinetic energy on initial energy spectrum exponent from GPU-LBM simulation. The values 
of m are (a) 3, (b) 4. Solid lines: 1≤ κ ≤8 and Reλ=255; dashed line: 8≤ κ ≤16 and Reλ=128 
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Fig. 2. Dependence of the decay exponent n on Reλ with 4 values of m: (a) m=3, (b) m=4, (c) m=5, and (d) m=6. Without rotation (Ro=∞): 
empty symbols. With rotation (Ro=0.8): filled symbols. 1≤ κ ≤8: squares; 8≤ κ ≤16: circles. 
 
It has been reported that the decay exponent varies when the Reλ is relatively low, e.g. Reλ<30 [35,46,47]. Here we study 
the dependency of the decay exponent n on Reλ in a range of low Reλ from 7 to 60 with the initial Reλ from 75 to 255. As 
shown in Fig. 2, four values of m from 3 to 6 are used. Each of them has two κ ranges, 1-8 (squares) and 8-16 (circles), and 
two rotation conditions, without rotation (Ro=∞, empty symbols) and with certain rotation (Ro=0.8, filled symbols). Without 
rotation, the decay exponent n statistically falls in the ranges of 1.33-1.68, 1.48-1.67 for m=3, 4 respectively, consistent to the 
corresponding analytical predictions of n=1.33, 1.43 respectively. Meanwhile, n falls in the ranges of 1.40-1.89 and 1.54-1.78 
for m=5 and 6. In the studied range of Reλ, variations of n for different Reλ are seen in each m case. A tendency that n decreases 
as Reλ increases is well agreed with previous research [47-49]. The exponent is derived when λ2 grows linearly in the decay 
region [47,48]. With rotation, the simulated n falls in the ranges of 0.63-1.78, 0.80-1.37, 0.6-1.59, and 0.57-1.49 for m=3, 4, 5 
and 6 respectively. The decay rate with rotation is smaller than those without rotation, which demonstrates that rotation 
prohibits kinetic energy decay [50]. The simulated results, filled squares in Fig. 2 are consistent with the analytical prediction. 
 
3.2. Scaling of transient inverse energy transfer 
In our previous study of DIT in a 3D periodic box [35], inverse energy transfer has been observed at the early stage of 
turbulence development after the large scale motion is injected in the box. As a follow up, here we quantitatively study the 
scaling of inverse energy transfer with and without rotation. 
Inverse energy transfer is characterized by the energy transfer from smaller to larger motion scales as shown in Fig. 3. 
Two initial κ4 (m=4) turbulent motions with Reλ =255 and 128 are injected in the ranges of 1≤ κ ≤8 (left) and 8≤ κ ≤16 (right) 
respectively. No rotation is imposed. The backward scattering of kinetic energy occurs immediately after the initial turbulence 
is input and continues until the large scale motion is scaled as E(κ) ~ κ4 , i.e. the compensated energy spectrum becomes flat. 
When the initial energy is injected in the range of 1≤ κ ≤8 (left), inverse energy transfer makes the large scale motion (1≤ κ ≤8) 
more energetic. In the case of the range 8≤ κ ≤16 (right) larger scale motion in the range of 1≤ κ ≤8 is seen, implying the 
occurrence of inverse energy transfer.  
The flatness of a compensated energy spectrum E(κ)/ κσ is closely associated with the scaling of the initial energy spectrum 
E(κ,0)∼κm. When m≤4, σ equals to m, as seen in Fig. 3 for m=4 and Fig. 4(a), (b) for m=3. When m>4, σ keeps the value of 4, 
as shown in Fig. 4(c), (d) and (e), (f) where m=5 and m=6 respectively. This is solid evidence to confirm an analytical 
prediction [8] that turbulence which starts as κm (m<4) stays as κm and turbulence which starts as κ4 or steeper stays as κ4 in the 
large motion scale. 
In Fig. 5, we study the influence of rotation on the inverse energy transfer scaling. Again, initial κ4 turbulent motions with 
Reλ values of 255 and 128 are injected in the ranges of 1≤ κ ≤8 (top row) and 8≤ κ ≤16 (bottom row) respectively. In the 
presence of a rotating frame of reference, Ro=3 in (a) and (c), and Ro=0.8 in (b) and (d). Inverse energy transfer is seen in each 
case but the transfer rate deviates from m=4. Rotation causes steeper inverse energy transfer when initial turbulence is injected 
in the largest motion scale 1≤ κ ≤8, whereas concentration of initial turbulence in the range of 8≤ κ ≤16 results in more gradual 
inverse energy transfer. 
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Fig. 3. Compensated energy spectra at different time in the early stage of DIT development with no rotation. Initial κ4 (m=4) turbulent 
motions are injected in the range of 1≤ κ ≤8 with Reλ=255 (left) and 8≤ κ ≤ 16 with Reλ=128 (right). The inverse energy transfer stops when 
E(κ) is scaled as κ4. 
 
Fig. 4. Compensated energy spectra at different time in the early stage of energy transfer with no rotation. Initial κm turbulent motions are 
injected in the range of 1≤ κ ≤8 with Reλ=255 (top) and 8≤ κ ≤16 with Reλ=128 (bottom) respectively. The values of m are (a), (b) m=3, (c), 
(d) m=5, and (e), (f) m=6. 
 
Fig. 5. Compensated energy spectra at early stage of turbulence development in the presence of rotation with Reλ=255 and 1≤ κ ≤8 (top 
row) and Reλ=128 and 8≤ κ ≤16 (bottom row). The values of Ro are 3 for (a) and (c) and 0.8 for (b) and (d). Initial energy scales as m=4 for 
all the cases. 
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The amount of inverse energy transfer is quantitatively evaluated in Fig. 6. As illustrated in Fig. 6(a), the relative energy 
increase in the large scale area every five time steps is calculated from the area of a-b-c-d at t and area e-b-c-d at t+5 as 
∆E=(Sebcd-Sabcd)/Sabcd. The time evolution of inverse transfer rate when the initial energy scales as κ4 is shown in Fig. 6(b) with 
Reλ=255, 1≤ κ ≤8. The inverse energy transfer exhibits two features. First, the inverse energy transfer rate, ∆E, experiences a 
similar route starting with acceleration to a peak and then a deceleration. The peak varies with the turbulence and rotation 
conditions. Second, larger rotation (smaller Ro) has smaller inverse energy transfer rate, which is consistent with the 
observation that rotation prohibits the energy decay discussed above. 
 
Fig. 6. Quantitative measurement of the inverse energy transfer amount every 5 time steps. (a) Illustration of the calculation of inverse 
energy transfer and (b) time evolution of the inverse energy transfer rate at m=4, Reλ=255, 1≤ κ ≤8. 
4. Conclusions 
Through the GPU-accelerated LBM simulation, we have studied energy transfer in the development of decaying turbulence. 
Simulations were carried out in a 3-D periodic cube with a resolution of 2563, subject to a rotating frame of reference with 
three rotational intensities that are Ro=∞, 3, and 0.8. The initial incompressible isotropic turbulence was generated in spectral 
space with prescribed energy spectrum exponent E(κ)∼κm, m=3,4,5,6, and injected in two ranges of Fourier mode, 1≤ κ ≤8 and 
8≤ κ ≤16. The Taylor microscope Reynolds number Reλ varied from 75 to 255. We have focused on the decay exponent of 
kinetic energy in the late stage and on the scaling of inverse energy transfer in the early stage of turbulence development. The 
major results of this study are summarized as follows:  
 The decay exponent deviates from the analytical prediction when Reλ is relatively low. The LBM simulated decay 
exponents for a large number of cases fall into ranges consistent with the theoretical predictions for different m values. 
 The scaling of the inverse energy transfer E(κ)∼κσ depends on the initial energy spectrum E(κ)∼κm: m<4, σ=m while if m≥4, 
σ=4. 
 Energy increase in large scale during inverse energy transfer exhibits a bell shape starting with acceleration up to a peak 
and then it follows a deceleration to zero. The peak varies with the turbulence and rotation conditions. Larger rotation 
(smaller Ro) has smaller inverse energy transfer rate. 
In addition to providing evidence to confirm the analytical predictions for scaling of energy decay and inverse energy 
transfer in DIT, we conclude the effects of a rotating frame of reference on the turbulence development in two aspects. First, 
rotation prohibits turbulent energy decay, larger rotation, results in slower decay. Second, rotation alters the scaling of inverse 
energy transfer. While the rotation effect on the energy decay is quite straightforward, its effects on inverse energy transfer are 
more complex. The effect depends on the range of Fourier mode with which the initial turbulence is input. From the largest Reλ 
(=255) and smallest Ro (=0.8) this study was conducted with a resolution of 2563, and the quantitative evaluation of such 
effects is available. We propose further study using higher resolution such as 5123 or even 10243, thus much higher value of 
Reλ and much lower value of Ro can be achieved We will be able to explore deeper physics about if and/or how rotation also 
prohibits inverse energy transfer. Meanwhile, it was recently shown that the truncation at low wave numbers always yields 
large-scale anisotropy by the discrete Fourier transform is introduced and such anisotropy can be efficiently reduced by simply 
damping the low-wave-number energies or increasing the energy-containing wave number [51,52]. We will put these 
numerical effects into consideration in our further study of the research subject. 
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